We study the implicit eigenvalue problem of the form
Introduction and preliminaries
where T s is the Brezis-Crandall-Pazy approximant introduced in [] and J ψ is the (normalized) duality operator with a gauge function ψ.
In the present paper, we divide our investigation into two cases to apply suitable degree theory. One case deals with demicontinuous bounded operators satisfying condition (S + ) with the aid of the most elementary degree theory of Skrypnik [] , in comparison with [] . The other case is concerned with quasibounded densely defined operators satisfying condition (S + ), where the degree theory of Kartsatos and Skrypnik [, ] for densely defined operators is used. In more concrete situations, the eigenvalue problem  ∈ Tx + λCx is discussed. We point out that Browder's degree in [] for the reduced simple operator T s + εJ ψ under the homotopy plays a crucial role in the proof of our results presented here.
Let X be a real Banach space with its dual X * , a nonempty subset of X, and Y another real Banach space. An operator F : → Y is said to be bounded if F maps bounded subsets of into bounded subsets of Y . F is said to be demicontinuous if for every x  ∈ and for every sequence {x n } in with x n → x  , we have Fx n Fx  . Here the symbol → ( ) stands for strong (weak) convergence.
A multi-valued operator T :
where D(T) = {x ∈ X : Tx = ∅} denotes the effective domain of T. T is said to be maximal monotone if it is monotone and it follows from (x, u * ) ∈ X × X * and
We say that an operator T : D(T) ⊂ X → X * satisfies condition (S + ) if for every sequence
we have x n → x  . We say that T : 
we have x n → x  . We say that C satisfies condition (S + ) if for every λ ∈ (, ] and for every sequence
we have x n → x  , x  ∈ M and C(λ, x  ) = h For every sequence {u j } in with u j u  and every sequence
Kartsatos and Skrypnik [] obtained the following result by using Browder's degree in [] for multi-valued operators. As in [], we adopt property (P) in terms of the BrezisCrandall-Pazy approximant so that we can apply the most essential degree theory of Skrypnik [] for single-valued operators to prove in a direct method.
Theorem . Let be a bounded open set in X with
 ∈ . Let T : D(T) ⊂ X →  X * be a maximal
monotone multi-valued operator with  ∈ D(T) and  ∈ T(). Let , s  , and ε  be three positive numbers. Suppose that C : [, ] × → X * is demicontinuous, bounded and satisfies condition (S + ) such that C(, x) =  for all x ∈ and C(t, x) is continuous in t uniformly with respect to x ∈ .
(a) For a given ε > , assume the following property: (P) For every s ∈ (, s  ), there exists a λ ∈ (, ] such that the equation
Proof (a) We first claim that for any s ∈ (, s  ), there exists a (λ  , x  ) ∈ (, ] × ∂ such that
Assume on the contrary that for some s ∈ (, s  ) and for every λ ∈ (, ], the following holds:
Since (T s + εJ)() =  and T s + εJ is injective by the strict monotonicity of J, we have
Then H is of class (S + ). To prove this, let {u j } be a sequence in with u j u  and {t j } be a sequence in [, ] with t j → t  such that
Since T s and J are monotone, it follows from
and
By (.) and (.), we have
There are two cases to consider. If t  = , then C(t j , u j ) →  and so
Using (.), (.), and (.), we obtain
Since J satisfies condition (S + ), we have
which implies by the demicontinuity of T s and C and the continuity of J
This means that H(t j , u j ) H(, u  ). Now, let t  > . We have
and hence by (.)
Since C satisfies condition (S + ), we get u j → u  from which 
. The last equality follows from Theorem  in [], based on the fact that T s + εJ is demicontinuous, bounded, injective, and satisfies condition (S + ) and T s x + εJx, x ≥  for all x ∈ ∂ . For every λ ∈ (, ], the existence property of d S implies that there is a point x in such that T s x + C(λ, x) + εJx = , which contradicts property (P). Therefore, the first claim (.) is true.
In view of (.), let {s n } be a sequence in (, s  ) with s n →  and {(λ n , x n )} be the corresponding sequence in (, ] × ∂ such that
Without loss of generality, we may suppose that
where λ  ∈ [, ], x  ∈ X, c * ∈ X * and j * ∈ X * . To arrive at the conclusion of (a) in the next step, we may suppose that λ  ∈ (, ]. In fact, when λ  = , we know that  / ∈ Tx + C(, x) +
εJx for all x ∈ D(T) ∩ ∂ because T + εJ is injective on D(T) ∩ and  ∈ (T + εJ)(D(T) ∩ ).
For our aim, we will now show that
Assume on the contrary that there exists a subsequence of {x n }, denoted again by {x n }, such that
Note by (.) and the monotonicity of J that
Hence, it follows from T s n x n -c * -εj * that
Let x ∈ D(T) and u * ∈ Tx be arbitrary. Since T is monotone, T s n x n ∈ TJ s n x n , and
Since {T s n x n } and J - are bounded and s n → , we have
Combining (.) and (.), we get
Since T is maximal monotone, we have x  ∈ D(T) and -c * -εj * ∈ Tx  . Letting
in (.) yields a contradiction. Thus, (.) holds. Since C(t, x) is continuous in t uniformly with respect to x ∈ and λ n → λ  , we have by (.)
by observing that
Since C satisfies condition (S + ), it follows from (.) that
which implies by (.)
and as above
Since T is maximal monotone and T s n x n ∈ TJ s n x n , Lemma . implies that x  ∈ D(T) and
(b) According to the statement (a), for a sequence {ε n } in (, ε  ] with ε n → , we can choose sequences {λ n } in (, ], {x n } in D(T) ∩ ∂ , and {u
We may suppose that
where
To show that x n → x  , we first claim that
Assume the contrary. So, we may suppose that
Hence, it follows from (.) that u For every x ∈ D(T) and every u * ∈ Tx, we obtain from the monotonicity of T that
which implies along with (.)
Since T is maximal monotone, we have
we have a contradiction. Thus, (.) is true. As above, we can deduce from (.) that
Since C satisfies condition (S + ) and is demicontinuous, we obtain from (.) that
We conclude that x  ∈ D(T) ∩ ∂ and
This completes the proof.
As a consequence of Theorem ., we have the following result. When C is a compact operator, it was proved by Li and Huang [] with the aid of the Leray-Schauder degree for compact operators. 
Proof Define an operatorC :
By hypotheses on C, the operatorC is obviously demicontinuous, bounded, and satisfies condition (S + ). Moreover,C(t, x) is continuous in t uniformly with respect to x ∈ because C( ) is bounded. Apply Theorem . with C =C.
Implicit eigenvalue problem about densely defined operators
In this section, we study the implicit eigenvalue problem for densely defined perturbations of maximal monotone operators, based on the degree theories of Kartsatos and Skrypnik. (a) For a given ε > , assume the following property: (P) For every s ∈ (, s  ), there exists a λ ∈ (, ] such that the equation
Proof (a) First, we prove that for every s ∈ (, s  ), there exists a (λ  ,
Assume on the contrary that for some s ∈ (, s  ) and for every λ ∈ (, ], the following holds: 
This follows trivially from (c) and the fact that T s and J ψ are monotone and J ψ is bounded. Combining this with
